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Abstract 

^ ' An attempt is made to construct space and obtain dynamics from Loop 

?H ■ Algebras and their elements. We define three new products between loops 

namely 'Vertical Product', 'Horizontal Product' and 'Total Product'. As 
for the dynamics, we obtain corresponding "velocity" and "canonical mo- 
menta" from it. Also, we build a new "Energy Variable" that is dependent 
on the velocity and momentum alone. Then, we apply the loop constructs 
to General Relativity and arrive at the Einstein Field Equations, although 
C**) ■ presented in a different form. The key feature of this formalism is that 

the metric is not arbitarized as prevalent on the space beforehand but is 
rather induced by restricting the Killing Form to the Cartan Sub-algebra 
of the underlying Lie Algebra. Then we go on to show that " Dynamics is 
Structure" and that both do not depend on length or time. 



1 Introduction 



- T I " 

■ We assume a rather topological model for our theory and attempt to recon- 

struct space out of it, also, thereby, generating dynamics. We do this via the 
introduction and usage of two new products entitled the ' Vertical product' and 
the 'Horizontal Product'. Then, a third product is constructed in terms of the 
above two, called the 'Total Product'. Then, we express the dynamics of the 
system, in terms of these products. Further, we construct an energy term, from 
the loops and express it in terms of the same. Towards the end, we apply our 
formalism to General Relativity and obtain the Einstein Equations in terms of 
the loops that we use, a and (3. 

2 Preliminaries 

We deal with the Lie Group G, associated with the Group Manifold A4, with 
the governing Lie Algebra g. The commutation relation: 
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[0,0] = (1) 

generating a Loop Algebra. We also assume the space to be a dual Hilbert 
Space with basis: 

(3 ={t n a \a = 1,2,. ...nVnez} ( 2 ) 

where: 

f„ a = T a ®z„. (3) 
We also have the self-dual connection 1-form: (f> a b 

3 The Loop Products 

We shall use loops a and (3 and the products between them to generate structure 
and dynamics. 

3.1 The Vertical Product 

Let a and /3 be the two loops that we are dealing with, and with whom and whose 
elements we wish to construct space and generate dynamics out of. First, we 
define the 'vertical product': The product between two loops, with one being 
vertically above the other can be thought of as generating a Cobordism between 
them. The product will produce something like a cylinder between them. An 
element of this cylinder can be used to express the curvature of the space. The 
product is defined as follows: 

a 8 P = (a o f3) o 7. (4) 
Where 7 is the holonomy average of the two loops and can be expressed as: 

7 = 1/2 J (dx a dx b <j> ab ) . (5) 

We also have: 

(a 8)8) = -(/8 8 a). (6) 
Now, let us move onto the horizontal product. 

3.2 The Horizontal Product 

We define it by: 

ae/3 = (ao7) + (/3o 7 ). (7) 
Here, the product is commutative, so: 

(a 9 P) = (P 9 a) . (8) 

We can see that if the two loops, are along the same horizontal line, per se; 
then a product will increase the are of the bounded region of the two loops and 
conjoin into a larger one, with a different holonomy. 
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3.3 The Total Product 



Here, we attempt to define a total product, because, as with 3 dimensional 
space, the notions of 'horizontal' and 'vertical' need not stand. So, we assume 
that the total product between two loops will be a combination of the vertical 
and horizontal products. We define the total product, such that: 

a©/3 = {(a®/3)o(ae/3)}. (9) 



4 Loops and the Structure Equation 

At this juncture, we make mathematical ansatz with: 

J (a® /3) d 3 x = d X - (10) 
Where \ lB the Maurer-Cartan 1-form of the structure equation: 

dx = -\[x,x\- (11) 
So, we can substitute for dx in the equation: 

J \a®p)d 3 x = -l/2[ X ,x}- (12) 

Thus, we have the structure equation in terms of our loop algebra. We have 
the notion that the integral of the elements engaged in the total product over 
all space gives the 'information' of the structure of the space. This will be key 
in understanding the properties and structure of space and can be exploited 
into understanding why the space in Quantum Mechanics and the one used in 
General Relativity are not, as such compatible, and as to whether they can be 
made compatible or not. 



5 Dynamics 

In this section, we observe the dynamical aspect of our theory and express the 
quantities, Curvature, Velocity and Momentum, in terms of the loop products 
that we have constructed in the previous section. Then, we construct an energy 
term Q from a total product between the canonical momenta and the velocity, 
and express it too, in terms of the loops. 

5.1 Curvature and Velocity 

The action defined to generate dynamics is: 

S = / {(ae/3) + (a®/3)}d 3 x. (13) 
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Expanding it ; we have: 

S = J (aQp)d 3 x + J {a®(3)d 3 x. (14) 
Or, we can write it, as : 

S = j 5v + Js/i. (15) 

Where 

5iv = (aQ (3)d 3 x, (16) 

and 

5n = (a /?) d 3 x. (17) 

This means that Sfj, represents a factor of curvature, as it arises out of the 'cylin- 
drical' vertical product, an element of which, we can guess, be the curvature of 
space. Now, let us define our curvature, F. 



= / ty. (18) 



Also, the 8v term can be thought of as a component of the horizontal prod- 
uct, which would be an element of area. We use a differential geometrical 
operator, the interior derivative, taken with respect to an arbitary vector field 
A, so as to express the velocity, uj: 



uj = J \ x Sv. (19) 



5.2 The Canonical Momenta 

We can obtain the canonical momenta by varying the Action, accordingly: 

*=S- (2°) 



Or; 



SF 5($5v) 

7T = — + ■ (21) 



5.3 Q construct 

Here, we attempt to construct an energy term Q (tt 7 uj) . We define it as follows: 

Q:=(tt®w). (22) 

By comparing the definition of Q to the total product between the two loops, 
we evaluate the total product of n and co and express it in terms of the loops. 



4 



After a rather lengthy calculation, we have Q in terms of the loops a and (3 as 
follows: 



Q 



_s_ 

8<j> 



P + aQ/3 o i x (aeP) °7 



(23) 



a © /3 + ae/3 o 7 U / ix (a6,3) o 7 



The energy term Q is constructed purely out of the dynamical variables tt and 
to . We see, the two variables are not linearly dependant and the energy term 
does not have any position dependence. The factor of length, or shall we say, 
distance is largely neglected. So, we have developed a 'length-free' or scale- 
invariant dynamics. In the next part, we shall attempt to apply our theory to 
Gravity. 



6 Gravity 

Let us start with a dual Tangent Bundle T*M with a Lie Group G and associ- 
ated Group Manifold M. on it. Let g be the Lie Algebra and e be the Maurer- 
Cartan one form (in this case, the tetrad) on it with basis vectors A a .Here too, 
we have a self-dual connection! 1-form ^> a f,.We have the structure equation: 

de = -i[e,e]. (24) 

Or, like we have seen earlier; 

(a © P) d A x = de. (25) 

So, we have, in terms of the structure constants f a6 ,: 

J (a ® 0) d 3 x = - ^ a J ab e a A e b . (26) 

Or, in the form of the Cartan Structure equation for General Relativity; we 
have: 

' (a © (3) d 3 x + A a A e a = 0. (27) 



Let us restrict the Killing form to a Cartan sub-algebra of g say, g . Thus, we 
obtain an induced Lorentzian metric g a f, with diag(-, +,+,+) [T] Now, we write 
the action for General Relativity as follows: 

S= /f 00 vo1. (28) 



Here, we seek to obtain Einstein's equations in terms of the loop algebra that 
we have introduced. Let Qq and Qq be the paths taken by the closed curves a 
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and (3 respectively. At points x and y, we have vectors u and v. We say that 
the paths vary from x to x + e\u and from y to y + 62 w . Now, we seek to vary 
the action as follows: 

SS = 8 J Foovol.. (29) 

Now, we substitute for the scalar curvature Foo with the expression for curvature 
in the previous section, ie. J (a® 0). Also, the vol. form is ^fgd A x. So, we have: 



5S = S J I J (a 9/8) I vol. (30) 
= / Si I (a 0/3)1 vol. + / ( / (a 0/3)1 5vol.. 



= / <M / («°^t) vol. + / <^ / (a o /3 o 7) )■ 8vol. 



[(5a o (3 o 7) + (a o 8(3 o 7)] \ vol. + / <^ / (a o (3 o 7) \ 8vol. (31) 



Here, the £7 term vanishes, because a variation of the holonomy average is 
zero. Now, we substitute for the 8a and 8/3 in terms of a loop variation [3] and 
vary vol. as follows: 

6S = J(J [(q% o 8u o el +€lU ) of3oj] + [ao(g y oSvo ^ +ea ") o 7] j vol. + (32) 

(a o/3 07) J f^gafcJg-NoL 

We get the equation for General Relativity by taking vol. common, while as the 
sum of the other terms will be equal to zero, as 

SS = 0. 

So, we have the Einstein Equation as: 

{ [{q x o Su o gl+^) o p 7] + [a o ( e g o sv o er 62 ") ° 7] }-/ (« ° P ° 7) (ig Q6 <5g Qb ) = 0. 

(33) 

The canonical momenta and the gauge velocity obtained in the previous section 
are invariant under structure, so we still have: 

0(f) 0(f) 

And 

u= fi x (ae[3), (35) 



G 



where the interior derivative ix is taken with respect to an arbitary vector field 
X. But now, we will have the constraint of the Energy variable Q as follows: 



Q = tt ® W. 



(36) 



Where © is the total product. Also, we have the energy variable itself 



This reminds us of our very definition of the total product, that is, the Integral 
over two loops that undergo it (over all space) gives the structure of the space 
itself. So, it is rather interesting that the Energy Q represents the dynamics, 
and can also be used to construct another system with itself as the structure. 

7 Conclusion 

We end with a rather different notion, plainly put as "Dynamics is Structure". 
This is a 'length-less' and timeless formalism of gravity with importance given 
to neither the metric, nor the connection, but rather the loops that construct 
the space itself. Although we start with the Einstein-Hilbert Action, we end 
up with equations that are almost unrecognisable as the EFEs but, represent 
the same. A quantization of this Gravitational formalism, making use of the Q 
constraint and the construction of a Poisson Algebra for the dynamics generated 
here can give more insight to a theory of Quantum Gravity. This will be the 
subject of the forthcoming paper on the same topic. 
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